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Once the parameters of a dynamical system are fixed, specific patterns of stable equilibrium, periodicity,
quasiperiodicity, or chaos are obtained. Keeping the same parameters and simply modifying the wave form and
periodicity of the driving force allows switching from one orbit to another. In this way the options to select a
more desirable periodic orbit are increased. This is particularly important in some systems where changing the
internal parameters of the system is not possible or at least very inconvenient. @S1063-651X~98!08209-9#
PACS number~s!: 05.45.1b

I. INTRODUCTION

Many physical phenomena are modeled by periodically
driven dynamical systems. They may appear in fields such as
lasers @1,2#, mechanical engineering @3#, superconductor
junctions @4#, etc., which illustrates the broad applicability of
studying these systems. In the following we assume we have
a periodically driven dynamical system. Think of a onedimensional, damped and nonautomous nonlinear oscillator
for definiteness. The general equation of motion, with dissipation and external periodic forcing, may be written as
ẍ1 d ẋ1dV/dx5 f ~ t ! ,

~1!

where we may assume the driving force to be the harmonic
function f (t)5 g cos vt of period T52 p / v . The variable
x(t) is the position at time t and d is the damping coefficient.
The parameters g and v are the amplitude and frequency of
the perturbation. The potential of the restoring force is V(x).
The system depends on several parameters that determine
the asymptotic dynamical states. Once all the parameters are
fixed the solutions are uniquely determined. In general the
possibilities are stable equilibrium states, periodic, quasiperiodic, and chaotic solutions. Generally, harmonic functions
are used to excite dynamical systems either externally or
parametrically. Moreover harmonic or trigonometric functions are the simplest solutions of the linear harmonic oscillator and are commonly used to drive linear oscillators. Even
though they are not in general solutions of more complicated
nonlinear dynamical systems, they are extensively used as
general drivers of nonlinear oscillators, as well. In the case of
a nonlinear oscillator things are known to be more complex.
In simple nonlinear oscillators such as the pendulum or the
Duffing oscillator the solutions are Jacobi elliptic functions,
and hence it seems natural to use these functions as drivers,
instead of a harmonic function.
One of the main questions we address here is the investigation of the effect on the dynamics of using Jacobi elliptic
functions as drivers, while the rest of the parameters of the
system are kept fixed. In particular we want to show how in
these circumstances, its use allows new accessible states.
To clarify this idea, we could think of driving the system
with a more general periodic function f (t,m)5 f (t1T,m) of
period T, with an ‘‘extra’’ parameter m. Let us assume that
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this parameter changes continuously in 0<m<1. To be
faithful to the original system, f (t,m) should be such that
m50 coincides with the original driving. If this were possible, using the same set of parameters for m50, we could
still have a new degree of freedom m.
One family of functions that possesses this property are
the Jacobi elliptic functions. These are precisely the natural
solutions to many nonlinear oscillators, such as those with a
polynomial restoring force, like Duffing oscillators and
variations including quadratic nonlinearities, and the nonlinear pendulum. The main advantage to using them as drivers
of dynamical systems lies in the very nature of these functions and consequently they have been already used by some
authors @5–7#. So, the fact of using them as drivers is not
capricious, as it could be perceived by the reader who is very
much used to seeing trigonometric functions to drive systems. There are simple and deep reasons for doing it. They
are periodic functions whose period and wave form depend
on m. Furthermore, it has an increasing number of modes as
m increases, and its Fourier spectrum is more complicated
than the usual trigonometric functions.
The main goal of this paper is to show, with the example
of a nonlinear pendulum parametrically forced with a Jacobi
elliptic function, that we can switch the periodicity of a solution by simply changing the wave form and periodicity of
the driving force, but without changing the rest of the parameters. Transitions from chaotic states into periodic states by
periodic driving has been previously demonstrated @5–7#, but
here in addition we have transitions among periodic states.
Another point of interest of this paper is to throw light on a
better understanding of this kind of driving. In cases in
which changing other parameters of the system could be difficult or impossible, this gives an alternative way of modifying the periodicity of the solutions of the system. We show
also this possibility by comparing the result of using a trigonometric function and a Jacobi elliptic function of equivalent
amplitude and period, in such a way that only the wave form
of the driver permits these periodic transitions. The paper is
organized as follows: Sec. II reports on some characteristics
of Jacobi elliptic functions. With them, we perturb a pendulum parametrically and the model is described in Sec. III.
The model depends on a series of parameters, and the
asymptotic dynamical properties of the system are analyzed
with the help of the chaotic parameter set, which is con4377
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structed by varying two parameters simultaneously and to
which is devoted Sec. IV. To show further evidence of the
effect of using nonharmonic driving to switch the periodicity, we compare the effect of using two different drivers with
equal amplitude and period, but different wave form in Sec.
V. Finally, Sec. VI includes a summary of results and conclusions.
II. JACOBI ELLIPTIC FUNCTIONS

The parametric perturbation we consider is the cosine amplitude Jacobi elliptic function cn( v t,m) of frequency v and
elliptic parameter m @8#, and its use has the advantage of
providing a new degree of freedom in the parameter space.
Furthermore, it has a more sophisticated Fourier spectrum
than the trigonometric functions and the exact analytical solutions of the pendulum without forcing term are of this type.
The most common Jacobi elliptic functions are cn( v t,m)
and sn( v t,m), 0<m<1, and they are periodic functions of
period T54K(m)/ v , where K(m) is the complete elliptic
integral of the first kind @10,11# and is defined as
K~ m !5

E

p /2

0

dq

A12m sin2q

.

~2!

There are two natural limits for these functions: the trigonometric limit, m50, which gives cos vt and sin vt, respectively, and the hyperbolic limit, m51, which gives sech v t
and tanh vt, respectively @9#.
A physical and intuitive picture of the meaning of m may
be obtained by thinking of the unperturbed orbits in phase
space inside a separatrix orbit. The parameter m is used to
label the energy of the orbits inside the separatrix. For orbits
with energy very small in absolute terms, i.e., m→0, the
complete elliptic integral of the first kind K(m)→ p /2 and
then the period becomes T→2 p . This is obviously the period for the linear oscillations around the elliptic fixed point.
However, for values of the energy close to the separatrix,
which means m→1, the complete elliptic integral of the first
kind diverges logarithmically @10,11# and the period becomes infinity.
Figure 1 provides a more clear idea of the nature of the
driving we are using, showing the dependence versus time of
cn(t,m) for some values of m. The periodic function f (t) of
period T that is used as a driver in Eq. ~1! could be written as
f (t)5 g cn(Vt;m), whose frequency varies with m and is
given by V(m)54K(m)/T. Assuming we keep T constant
and equal to 2 p / v , ( v .0, a constant!, this implies that the
functions f (t)5 g cn(2 v K(m)t/ p ;m) and g(t)5 g cos(vt)
have equal period and amplitude and they only differ on the
parameter m.
III. PARAMETRIC PENDULUM

The physical system under consideration is a pendulum
moving in a plane whose pivot is subjected to a nonharmonic
vertical periodic displacement cn( v t,m) of amplitude g and
frequency v ; see Fig. 2. The equation of motion reads

ü 1 d u̇ 1 @ 11 g cn~ v t,m !# sin u 50,

~3!

FIG. 1. The variations of the cn(t,m) vs time for some values of
m are shown. Observe the change of the wave form and the period
of the wave.

where 2 p < u < p represents the angle of displacement and
d the damping coefficient. The trigonometric limit, m50,

has been studied previously numerically @12,13#, analytically
@14#, and experimentally @15# by several authors. Analytical
results showing estimations of the homoclinic bifurcations
and subharmonic bifurcations, using Melnikov’s theory, for
the nonharmonic perturbation of the parametric pendulum
are found in @16#.
In spite of its simplicity, this system is known to have for
m50 a rich variety of dynamical solutions including stable
equilibria, periodic oscillations, rotations, and chaotic solutions, depending strongly on the parameters of the system
g , v , d and the initial conditions, that is, u (t 0 ) and u̇ (t 0 ).
The oscillations around the position u 50 are bounded in the
region 2 p < u < p . Rotations, however, are unbounded, going above u 56 p . When u̇ (t).0 they are clockwise and
when u̇ (t),0 they are anticlockwise. More information
about the parametrically forced pendulum using a trigonometric function as driver can be found in @17#.
IV. CHAOTIC PARAMETRIC SET

For the numerical computations and for convenience d
50.1 and v 51.5 are set, hence only the parameters g and m
are free. Fixing m50 means that a circular function is used
to perturb the system and consequently only one parameter is
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FIG. 2. Simple pendulum with a nonharmonic vertical oscillating support given by the cosine amplitude elliptic function.

free. In the general case we can study the chaotic parametric
set by varying the two parameters simultaneously. Figure 3
shows the chaotic parametric set for the parameters g and m
of Eq. ~3! and it is constructed as follows. Take a grid of
2403200 points in the rectangle of parameter values 25
, g ,5 and 1,m,0. For each pair of parameters ( g ,m) in
the parameter plane the differential equation is solved by
using a fourth order Runge-Kutta integrator, using
@ u (t 0 ), u̇ (t 0 ) # 5(1,0) as initial condition. The Lyapunov exponent of the corresponding orbit is evaluated by standard
methods and then a different color is assigned depending on
the sign of the Lyapunov exponent. Those points in the
( g ,m) plane with a negative Lyapunov exponent are marked
white, while those with a positive Lyapunov exponent are
black. As the reader may imagine, this process is heavily
time consuming. The resulting plot displays global information about the parameter regions with periodic or nonperiodic behavior.
From Fig. 3, it can be infered that there is a ‘‘periodic
sea’’ and there are ‘‘chaotic islands’’ similar to the ones
described in @6,7# for the single-well Duffing oscillator. ‘‘Periodic lakes’’ and ‘‘periodic channels’’ in some of the chaotic islands are also observed. Notice the striations in some
of the islands; these are windows of periodicity inside the
chaotic islands. Similar windows have been described and
analyzed very recently in the context of higher-dimensional

FIG. 3. Chaotic parameter set for the two parameters g and m.
The vertical variable is 1,m,0 while the horizontal one is 25
, g ,5. Those points with a negative Lyapunov exponent are
marked white, while those with a positive Lyapunov exponent are
black. The upper line corresponds to m50 and 25, g ,5, showing a kind of bifurcation diagram.
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chaotic systems by Barreto et al. @18# and they conjecture
that these kinds of windows should appear commonly in dynamical systems.
Each horizontal line crossing the figure may be also understood as a kind of bifurcation diagram. In particular if we
draw a horizontal line by m50.2 and we vary g from 25 to
5, we see that there are two chaotic regions corresponding to
the black dots traversed by this line. On the other hand, we
may draw a vertical line at a certain fixed value of g and
vary m from 0 to 1. In particular and as we will see later,
drawing a vertical line at g 524 we see that this line crosses
the black region only in a small range of values of m close to
m51. Fixing the attention on this last vertical line at g 5
24, we realize that for most values of m the Lyapunov exponents are negative, however, many different periodic orbits ‘‘live’’ through this line.
The boundaries of the chaotic islands are basically
smooth. From an ‘‘island,’’ with a positive Lyapunov exponent, we can go to the ‘‘sea’’ by modifying either the amplitude of the perturbation g or the elliptic parameter m. Numerical evidence shows that most transitions from a chaotic
island to the periodic sea are via saddle-node bifurcations.
Period-doubling bifurcations are observed, however, in transitions between the ‘‘channels.’’ The ‘‘lakes’’ contain periodic orbits, in particular the small lake in the bottom left
island is a period-4 lake.
Note that in the region of parameters ( g ,m) considered in
Fig. 3, once a value of g is fixed, we can always find a
periodic solution by simply selecting the appropriate elliptic
parameter m.
Next, we consider some examples of orbits for the parametrically excited pendulum with all the parameters fixed.
Only the elliptic parameter m is modified, allowing the character of the solution to be changed. In Fig. 4 periodic orbits
for some values of m are shown. Due to the symmetry of the
system every orbit has a symmetric counterpart with the
symmetry u →2 u and u̇ →2 u̇ . For some values of m we
have found up to five different coexisting periodic attractors.
In Fig. 5 some periodic oscillations of different periods
for distinct values of m are shown. Also a chaotic strange
attractor that exists for a very narrow parameter region between 0.9<m<0.999 is shown. This means that once all the
parameters are set, one can still change the dynamics of the
system with the nonharmonic perturbation.
Extensive numerical computations give evidence of this
phenomenon and how by simply changing m we can switch
from one periodic state to another one. In fact the multiplicity of coexisting attractors inside the periodic sea is considerable, presenting a very rich variety of periodic states.
It should be stressed, however, that even though for certain parameter values many periodic attractors may coexist,
the basins of attraction of most of them are very small and
difficult to detect unless a fine resolution is used. This implies that selecting a specific stable periodic orbit is experimentally very difficult because noise would tend to push the
trajectory away from these small basins. Moreover, coexisting attractors appear in a narrow zone in parameter space.
V. USING DRIVERS OF EQUAL PERIOD AND
AMPLITUDE, BUT DIFFERENT WAVE FORM

As observed in Fig. 1, the period of the Jacobi elliptic
function varies continuously with m. Consequently a forcing
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FIG. 4. Phase-space portraits of four different periodic orbits for
g 524 and different values of the elliptic parameter m are shown.
The horizontal scale is 2 p < u < p , while the vertical scale is
25< u̇ <5. ~a! Period-1 rotation f or m50. ~b! Period 2 for m
50.1. ~c! Period-6 rotation for m50.5. ~d! Period-1 oscillation for
m50.75.

of equal period and amplitude as the cosine function could
be considered. Then it is possible to compare the effects on
the dynamics of the parametric pendulum with the use of the
harmonic function versus the nonharmonic function as forcings. This provides further evidence of the effect of the wave
form in making possible transitions among periodic states,
since the rest of the parameters are all equal.
The period of the cosine function is T52 p / v and the
period of the cn function is T54K(m)/V(m). If both functions are of equal period, this implies that V(m)
52 v K(m)/ p .
We can compare the effects of using as drivers two different perturbations cos vt and cn@ V(m)t;m # with equal period and equal amplitude. In this case the only real difference
between both perturbations is the elliptic parameter m,
which accounts for the shape of the wave. The functions,
both of them of period T52 p / v ( v 51.5), used to drive
the parametric pendulum are shown in Fig. 6. The cosine
function corresponds to m50 and the selected Jacobi elliptic

FIG. 5. The figure shows phase-space portraits of four different
orbits for g 524 and different values of the elliptic parameter m.
The horizontal scale is 2 p < u < p , while the vertical scale is
25< u̇ <5. ~a! Period-4 oscillation for m50.9. ~b! Strange attractor
for m50.99. ~c! Period-6 oscillation for m50.999. ~d! Period-2
oscillation for m51.

FIG. 6. Plot of the drivers, with equal amplitude and period,
used to perturb the parametric pendulum, vs time. ~a! cos(1.5)t and
~b! cn@ (3/p )K(m)t;m # (m50.999).

function corresponds to m50.999. Next, we introduce these
functions in Eq. ~3! and integrate the differential equations
using a fourth order Runge-Kutta integrator, with initial conditions @ u (t 0 ), u̇ (t 0 ) # 5(1,0).
Using standard methods, we calculate the Lyapunov exponents with respect to the amplitude of the forcing for the
two cases mentioned before, and for the values of the amplitude comprised between 0< g <5, and they are depicted in
Fig. 7.
From the figure it can be observed that the regions corresponding to positive Lyapunov exponents are different, the
case where the Jacobi elliptic function is used being a little
more complicated. It could be thought that no difference
would exist in the common parameter regions of negative
Lyapunov exponents, that is, of periodic states. However,
this is not the case, and what is verified is that the accessible
states do not have the same periodicity. As a matter of fact,
once all the parameters are fixed, we may compare the outputs for the same particular value of the amplitude and they
correspond to periodic states of different periodicity for the
same initial condition ~1,0!. Table I shows the variety of
possible states available for different values of the amplitude
g , for the cosine driver (m50) and for the Jacobi elliptic
function (m50.999). For a given initial condition, the possible transitions among periodic states are evidenced for a
given amplitude by simply using a Jacobi elliptic function
with the appropriate parameter m. Similarly to the case with
m50, many attractors of different periodicity coexist when
m50.999 for a given value of the amplitude.
VI. CONCLUSIONS

This work uses the parametric pendulum example to demonstrate the possibility of using nonharmonic perturbations
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TABLE I. The solutions of the parametrically forced pendulum,
for the initial condition ~1,0! and for several values of the amplitude
g , 0< g <5, are shown. The first column (m50) shows the solutions when the cosine function is used as driver and the second
column (m50.999) shows the solutions when a cn Jacobi elliptic
function of equal period is used. Note that for most cases the use of
the nonharmonic driver implies a switch of periodicity. Pn means a
periodic orbit of period n.

a

g

m50

m50.999

0.65
1.2
2
0.7
0.8
2.5
3
4
4.5
5

P2
chaos
chaos a
P4
P1
P1
P1
P2
P2
P2

P1
P1
chaos b
P1
P2
chaos
chaos
P1
P1
P1

Maximal Lyapunov exponent51.329.
Maximal Lyapunov exponent51.276.

b

from a periodic to a chaotic trajectory. Further evidence of
this fact is shown when two different functions of equal period and amplitude, but of different shape, are used. Such an
approach may be useful in experimental situations ~such as
modulated lasers @7#! in which it is hard to modify system
parameters.
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