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a b s t r a c t
The phase control method is a non-feedback control technique which has been used for different purposes in continuous periodically driven dynamical systems. One of the main goals
of this paper is to apply this control technique to the bouncing ball system, which can be seen
as a paradigmatic periodically driven discrete dynamical system, and has a rather simple
physical interpretation. The main idea is to apply a periodic control signal including a phase
difference with respect to the periodic forcing of the initial system and to analyze its effect on
the dynamics of the bouncing ball system. The numerical simulations we have carried out
clearly show the strong effect of the phase of the control signal in suppressing or generating
chaotic behavior and in changing the period of a periodic orbit. We have also analyzed the
effect of the phase in the phenomenon of the crisis-induced intermittency, showing how
the phase enhances the size of the attractor near a crisis and can induce the intermittent
behavior. Finally we have analyzed the scaling behavior of the crisis by varying the phase difference between the perturbation and the external forcing.
Ó 2011 Elsevier B.V. All rights reserved.

1. Introduction
In 1949, Fermi [1] proposed an acceleration mechanism of cosmic ray particles interacting with the time-dependent magnetic ﬁeld. Later on Stanislaw Ulam explained this phenomenon in terms of a simple classical model in which a ball is bouncing between two heavy harmonically oscillating walls [2]. This model became popular as the Fermi–Ulam model [3] and
several modiﬁed versions were proposed over the years because of its interesting dynamical properties [4,5]. Among the different models, the simplest one that displays chaotic behavior is the system with one ball bouncing on a vibrating table under the action of gravity. This is widely known as the bouncing ball system [6,7]. It is a discrete dynamical system, since the
time evolution of the dynamics of the system is discontinuous at collisions.
Chaos control methods might be classiﬁed into two categories, depending on how they interact with the chaotic system.
The ﬁrst category corresponds to feedback methods, which are aimed to stabilize one of the stable orbits that lie in the
chaotic attractor by applying small perturbations that depend on the time-varying state of the system. However, the fast
response to the time variations of the system state makes its experimental implementation difﬁcult. For this reason, nonfeedback methods have appeared more useful in many practical cases. They allow to switch between different dynamical
behaviors by applying either parameter perturbations or external forcing signals that do not depend on the current state
of the system [8–10].
We are focusing here on a non-feedback control method, the phase control method, which has been hardly explored and
applied to discrete dynamical systems. In this method the phase of the applied perturbation is used to change the dynamical
system behavior. Moreover implementing experimentally this non-feedback method is rather easy. This technique has been
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used so far to control different dynamical properties of continuous dynamical systems [11–16]. Similar ideas have been also
applied in the context of Josephson junctions [17] and in population dynamics in Theoretical Ecology [18].
In a simple bouncing ball model, the ball is bouncing on a sinusoidally vibrating table under the action of gravity. If the
impact between the table and the ball is inelastic, we can represent the velocity of the ball just after the impact with the help
of a discrete map which is called the bouncing ball map [6,7]

xnþ1 ¼ xn þ yn ;
ynþ1 ¼ ayn þ b cosðxn þ yn Þ:

ð1Þ

Here the variable xn is the time interval between the (n  1)th and the nth collisions of the ball and yn is the velocity of the
ball immediately after the nth impact. The parameter a 2 (0, 1] is the coefﬁcient of restitution and the parameter b is associated with the table frequency. If the coefﬁcient of restitution is a = 1 then Eq. (1) reduces to the standard map.
The paper is organized as follows. Section 2 is devoted to explaining the phase control method and to show how it can be
applied on the bouncing ball map. In this way, we set the ground for different applications of this technique, which are addressed in the remaining sections. In particular, in Section 3 we analyze the effect of the phase of the perturbation to suppress the chaotic behavior in the bouncing ball system and to create and annihilate periodic windows. The effect of the phase
of the perturbation on intermittencies and crises is investigated in Section 4. Finally, conclusions are given in Section 5.
2. Phase control method
Non-feedback methods have been mainly used to suppress chaos in periodically driven dynamical systems of the form

x_ ¼ fðx; pÞ þ F cosðxtÞ;

ð2Þ

where x and F are m-dimensional vectors and f : Rm  Rn ! Rm , being n the dimension of the parameter vector p and x the
frequency of the external forcing.
The main idea of these non-feedback methods is to apply a harmonic perturbation to one of the parameters of the periodically driven system

x_ ¼ fðx; p1 ; . . . ; pi1 ; pi ð1 þ  cosðr xt þ /ÞÞ; piþ1 ; . . . ; pn Þ þ F cosðxtÞ

ð3Þ

or as an external perturbation to the periodically driven system,

x_ ¼ fðx; pÞ þ F cosðxtÞ þ u cosðr xt þ /Þ;

ð4Þ

where u is a conveniently chosen unitary vector, the parameter r, termed resonance condition, determines the ratio between
the frequency of the perturbation and the frequency of the external forcing, and / is the phase difference between the perturbation and the external forcing.
In parametric perturbation methods [10,19], the numerical and experimental explorations have been essentially focused
on the role of the perturbation amplitude  and the resonance condition r, but the role of the phase difference / has hardly
been explored. However, we claim that the latter parameter / has a relevant inﬂuence on the dynamical behavior of the system that demands further study. For this reason we apply the phase control technique to the bouncing ball system of Eq. (1),
by adding a harmonic perturbation to the parameter b. This is equivalent to adding an external perturbation on the table
oscillation of amplitude b. As a consequence, we obtain the following map,

xnþ1 ¼ xn þ yn ;
ynþ1 ¼ ayn þ bð1 þ  sinð2prn þ /ÞÞ cosðxn þ yn Þ;

ð5Þ

where , / and r are free parameters, and a = 0.1 is ﬁxed throughout our calculations. When the forcing amplitude  is zero,
this map reduces to the simple bouncing ball map. One of the key elements of this control method is to assume that the
amplitude of the external perturbation is very small, therefore, ﬁxing r and keeping  small enough, we can use / as the only
free parameter to control the system [11–13].
Experimental realization of this control method is relatively simple since we need to change only the phase of the control
signal. On the perturbed nonlinear map the perturbation is applied to b. The parameter b is related to the amplitude and the
square of the frequency of the table vibration. If we slightly modulate the table amplitude and change the phase of the modulation we can achieve control in the system. We can also do the same by modulating the frequency of the table vibration
and changing the phase. The third option is adding a small external perturbation to the table as an additional driving force
and by changing the phase of the external force we can control the system.
3. Controlling the dynamics of the bouncing ball system
Now we are going to consider the effect of the phase on the dynamical system behavior. In particular, we analyze here the
use of the phase control method to suppress the chaotic behavior and the creation and annihilation of periodic windows in
the bouncing ball system.
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In order to analyze the effect of the phase control on the bouncing ball system, ﬁrst we have to observe the dynamics of
the system without control. Let us consider the bifurcation diagram of the unperturbed system, obtained by changing the
value of the parameter b, shown in Fig. 1. We can see regions of chaotic behavior together with some periodic windows.
For example, the one centered at b = 6 and the one centered at b = 10.3 (see the arrows in Fig. 1).
By tuning the phase of the periodic perturbation it is possible to change the behavior of the system from chaotic to periodic and vice versa. In order to evaluate in a detailed way the role of  and /, we calculate the largest Lyapunov exponent k
over every point in a 200  200 grid. These points belong to the rectangle 0.02 6  6 0.07, 0 6 / 6 2p. The results for r = 0.5,
1.0, 1.5, 2.0 are plotted in Fig. 2(a)–(d), respectively, where we have considered b = 6.56. The black and white colors associated to each point in the (, /) plane indicate the negative and positive sign of the largest Lyapunov exponent, respectively. If
it is positive the dynamics is chaotic and if it is negative the system shows periodic behavior.
Fig. 2 shows that there exist wide regions of the (, /) plane where the largest Lyapunov exponent k is negative, and therefore chaos is suppressed. We note that the black region of periodic behavior (with negative Lyapunov exponent), far from
having a trivial or irregular shape, presents a symmetry that depends on the parity of the parameter r. When r is an odd multiple of 0.5, we can observe that the region of periodic behavior (black) is symmetric around / = p. When r is an even multiple of 0.5, the black region is symmetric around / = 2p (note that the range of the phase in the plots is only 0 6 / 6 2p). The
most interesting feature is the role of the phase / in selecting the ﬁnal state of the system. We have plotted the bifurcation
diagram (Fig. 3) by setting a = 0.1, r = 0.5,  = 0.03 and / = p/2 which is inside the black region of Fig. 2(a). One of the main
results is that it is possible to avoid chaos with a suitable choice of the phase of the perturbation /.
Another interesting phenomenon in Fig. 3 is the appearance and the disappearance of periodic windows. If we compare
the bifurcation diagram when the perturbation is not applied (Fig. 1) with the one when the perturbation is applied (Fig. 3),
we can see that a new periodic window arises under perturbation when b = 4. At the same time we can observe that the periodic window centered at b = 10.3 vanishes. This method is particularly useful both to generate and to suppress chaos in a
dynamical system.
A way to explain the mechanism behind the creation and annihilation of periodic windows is through the Melnikov analysis, by which we can calculate the Melnikov distance [20]. The Melnikov distance gives the distance between the stable and
the unstable manifolds of the perturbed systems measured along the direction perpendicular to the unperturbed homoclinic
orbit. If D(t) denotes the Melnikov distance, then D(t) = (M(t, a, b, /) + O()), where the function M(t, a, b, /) is the Melnikov
integral which depends on the system parameters including the phase value /. A zero of the function M(t, a, b, /) denotes a
homoclinic point, hence it shows a Smale–Birkhoff horseshoe type of chaos [20]. Since M(t, a, b, /) depends on the phase value, the zeroes of the function can be adjusted by tuning the parameter /. Thus, by tuning the phase of the perturbation, we
can generate chaos as well as suppress it.
We have also found through numerical simulations that, by a proper choice of the phase / it is possible to change the
period of a periodic orbit. As an example, we can consider the bouncing ball map with a = 0.1 and b = 6.0 and take x0 = 0,
y0 = 1 as the initial condition. For this parameter values and initial condition the system exhibits an orbit of period one. If
the phase control method is applied the period of the orbit can be increased. In particular, taking  = 0.03 and r = 0.5, for
/ = 0.3 the system exhibits an orbit of period two, for / = p/4 the system exhibits an orbit of period four, and for / = p/2
it exhibits an orbit of period eight. It is also interesting to note that the basin of attraction of a periodic orbit can be modiﬁed
as the phase / is increased.

Fig. 1. Bifurcation diagram of the bouncing ball system as a function of the parameter b. We can observe here two wide periodic windows at b = 6 and at
b = 10.3.
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Fig. 2. The ﬁgure shows the sign of the largest Lyapunov exponent k computed at every point of a 200  200 grid of (, /) values. The range of variation is
0 6 / 6 2p, 0.02 6  6 0.07 for different values of the resonant condition, (a) r = 0.5, (b) r = 1.0, (c) r = 1.5 and (d) r = 2.0. The Lyapunov exponent is negative
in the black regions. These regions have a structure that follows the expected symmetry around / = p when r is an odd multiple of 0.5 and the trivial
symmetry around / = 2p for an even multiple of 0.5. We set the parameters b = 6.56, a = 0.1.

Fig. 3. Bifurcation diagram of the bouncing ball system when the control is applied. On the y-axis we have the velocity of the bouncing ball. We see that a
new periodic window arises under perturbation when b = 4, at the same time the periodic window centered at b = 10.3 disappears. Here the perturbation
parameters are taken as a = 0.1, r = 0.5,  = 0.03 and / = p/2.
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Fig. 4. The ﬁgure shows the sign of the largest Lyapunov exponent k computed at every point of a 200  200grid of (, /) values for a different value of the
coefﬁcient of restitution a = 0.3 and taking the same value of b = 6.56 used in Fig. 2. The range of variation is 0 6 / 6 2p, 0.15 6  6 0.35 for different values
of frequency ratio, (a) r = 0.5, (b) r = 1.0, (c) r = 1.5 and (d) r = 2.0 respectively. The largest Lyapunov exponent is negative in the black regions. We observe
that the width of this region remains almost the same but we need higher values of  to control chaos in the system.

Fig. 4 shows the sign of the largest Lyapunov exponent k computed at every point of a 200  200 grid of (, /) values for a
different value of the coefﬁcient of restitution a = 0.3. Fig. 4(a)–(d) corresponds to r = 0.5, r = 1.0, r = 1.5, r = 2.0 respectively.
In all these plots we observe that the width of the control region where the largest Lyapunov exponent is negative remains
basically the same. The main difference is that we need higher values of  to control chaos in the system. This is due to the
fact that the dissipation in the system decreases as the parameter a is increased. Hence we have to spent more energy to
control the system.
4. Phase dependent intermittency and crisis
By modifying a control parameter, a chaotic attractor can touch an unstable periodic orbit inside its basin of attraction
inducing a sudden expansion. This phenomenon is called interior crisis. Beyond the crisis the system preserves a memory
of the former situation, so a fraction of the time is spent in the region corresponding to the pre-crisis attractor, and during
the rest of the time; excursions around the formerly unstable periodic orbit take place. This behavior is known as crisis-induced intermittency [21]. Before the crisis, such excursions cannot take place unless a noise or an external perturbation induces them. In this paper, we show that the intermittency at an interior crisis can be controlled by using the phase control
technique. We give numerical evidence that an appropriate value of the phase / can be used to enhance the size of the
attractor near the crisis and induce the corresponding intermittent behavior. An experimental and theoretical study of
the phase control of intermittency in a laser system was carried out by Zambrano et al. [13].
Here we are interested in a discrete dynamical system. First of all we need a good indicator to determine the size of the
attractor for different values of the corresponding parameters. This indicator has been chosen as

hHi ¼ hmaxðyn Þi;

ð6Þ

that represents the average value of the relative maxima of the time series yn (recall that yn is the velocity of the bouncing
ball right after the nth impact).
Fig. 5 represents the value of hHi computed at every point of a 200  200 grid of (, /) values in the region 0 6 / 6 2p,
0.02 6  6 0.07 for the perturbed bouncing ball map when considering b = 4.05 and r = 0.5. The wide symmetrical white regions in Fig. 5 show that there is an expansion in the attractor. Notice that, once ﬁxed the value of , only for some speciﬁc
values of the phase / there exists such expansion in the attractor, which in turn leads to intermittency. From Fig. 5 we can
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Fig. 5. Average value of the relative maxima of the velocity, <H > , computed at every point of a 200  200 grid of (, /) values in the region 0 6 / 6 2p,
0.02 6  6 0.07 for the perturbed bouncing ball map. The white region shows the sudden expansion in the attractor. Here we set the parameters a = 0.1,
b = 4.05 and r = 0.5.

Fig. 6. (a) The ﬁgure shows the chaotic three-piece attractor just before (/ = 0.27650) the interior crisis. (b) The ﬁgure shows the enlarged attractor just
after the interior crisis (/ = 0.27660). The system has an interior crisis at /c  0.27655. The dense points in the enlarged attractor gives the attractor in the
pre-crisis regime and the enlarged dotted region gives the intermittency. The parameter values are set to a = 0.1, b = 10.4, r = 0.5 and  = 0.03.
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Fig. 7. Graph of log(k  kc) versus log(/  /c). The slope of the linear best ﬁt yields the value of the scaling exponent c = 0.15 with a norm of residuals 0.07.
Here we vary / from 0.276615 to 0.276800 with an increment of 5  106.

also observe a symmetry in the phase value of the applied signal which induces the internal crisis in the system. This can be
explained in terms of the symmetry of the map under the transformation / ? / + p for this particular value of r.
In order to gain a deeper insight into the role of the phase / in nonlinear systems we study the perturbed map close to an
interior crisis. Fig. 6(a) shows the phase space of the perturbed bouncing ball map when / = 0.27650 and Fig. 6(b) shows the
phase space of the perturbed bouncing ball map when / = 0.27660. In both cases we set a = 0.1, b = 10.4, r = 0.5 and  = 0.03.
We can see a three-piece chaotic attractor just before the crisis in Fig. 6(b) and observe in Fig. 6(a) the sudden expansion of
the attractor when the phase value is increased by a small amount. We can also observe in Fig. 6(b) that the enlarged attractor consists of the attractor in the pre-crisis regime and the enlarged dotted region that gives the intermittency. The dotted
region represents the leaking trajectories from one piece of the attractor to another. Here, a change in the phase enhances the
size of the attractor, which in turn induces the intermittency.
We have also analyzed the scaling property of the phase close to the critical point after the occurrence of the crisis. Notice
that in the post-crisis regime the dynamics describing the evolution of the system is intermittent. The average time a chaotic
orbit spends in the region of the pre-crisis attractor hsi, as the control parameter / is varied, obeys a scaling law which was
proposed by Grebogi et al. [21]. It is found that hsi decreases according to the scaling relation hsij/  /cj c where c is the
scaling exponent and /c denotes the critical value of the phase at which the crisis happens. The behavior of the Lyapunov
exponents near the crisis point for the dissipative standard map was studied by Pompe and Leven [22]. According to them,
the increase of the largest Lyapunov exponent near the crisis is a consequence of the rapid growth of the transition probability. Thus, we can say that the average time a chaotic orbit spends in the region hsi is inversely proportional to the Lyapunov exponents. In other words, the size of the attractor is related to the Lyapunov exponent via the Kaplan–Yorke dimension.
Thus the new scaling equation reads

kð/Þ  kð/c Þ  j/  /c jc ;

ð7Þ

where k(/) denotes the largest Lyapunov exponent at the corresponding value of the phase. Crises with such kind of scaling
behavior result from the collision of the chaotic attractor with the stable manifold of an unstable periodic orbit.
The scaling law for the characteristic times of noise induced crises is studied by Sommerer et al. [23]. According to them,
the noise induced crises result from the noise kicking a trajectory across the gap between the attractor and the unstable ﬁxed
point or its pre-image. In the phase control method a deterministic sinusoidal perturbation is playing the role of the noise.
When we are tuning the phase, we are adjusting the kick strength acting on the trajectory. Hence by selecting an appropriate
value of the phase we can enhance the size of the attractor in the system.
We have numerically assessed the validity of the scaling law of the average of the largest Lyapunov exponent versus the
phase of the applied signal near the crisis regime. The behavior of the Lyapunov exponent near the crisis regime has been
studied by several authors [24,25]. We have calculated the average of the largest Lyapunov exponent using 102 initial conditions over an orbit length of 104 iterations as shown in Fig. 7 and varied the phase / from 0.276615 to 0.276800 with an
increment of 5  106. The slope of the linear best ﬁt gives the value of the scaling exponent c = 0.15 with the norm of residuals 0.07.
5. Conclusions
We have successfully applied the phase control method, that had been applied in continuous periodically driven dynamical systems, to the bouncing ball map. This map can be considered as a paradigmatic periodically driven discrete dynamical
system, and since its models the bouncing ball system, it is rather easy to have a physical intuition about the meaning of the
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variation of the parameters. So, the main idea has been to implement the control technique into this well-known map and to
analyze the effect of the phase on the dynamics of the bouncing ball system. One of the ﬁrst results obtained is to observe the
strong effect of the phase of the control signal in suppressing or generating chaotic behavior. Another aspect that we have
analyzed is the effect of the phase in inducing the intermittent behavior near a crisis. The phase actually may help to enhance
the size of the attractor and contribute to the crisis-induced intermittency phenomenon. Finally, we have analyzed the scaling behavior of the crisis by varying the phase difference between the perturbation and the external forcing.
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