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a b s t r a c t
We investigate the stochastic response of a noisy bistable fractional-order system when the
fractional-order lies in the interval (0, 2]. We focus mainly on the stochastic P-bifurcation
and the phenomenon of the stochastic resonance. We compare the generalized Euler algorithm and the predictor-corrector approach which are commonly used for numerical
calculations of fractional-order nonlinear equations. Based on the predictor-corrector approach, the stochastic P-bifurcation and the stochastic resonance are investigated. Both the
fractional-order value and the noise intensity can induce an stochastic P-bifurcation. The
fractional-order may lead the stationary probability density function to turn from a singlepeak mode to a double-peak mode. However, the noise intensity may transform the stationary probability density function from a double-peak mode to a single-peak mode. The
stochastic resonance is investigated thoroughly, according to the linear and the nonlinear
response theory. In the linear response theory, the optimal stochastic resonance may occur
when the value of the fractional-order is larger than one. In previous works, the fractionalorder is usually limited to the interval (0, 1]. Moreover, the stochastic resonance at the
subharmonic frequency and the superharmonic frequency are investigated respectively, by
using the nonlinear response theory. When it occurs at the subharmonic frequency, the
resonance may be strong and cannot be ignored. When it occurs at the superharmonic
frequency, the resonance is weak. We believe that the results in this paper might be useful for the signal processing of nonlinear systems.
© 2016 Elsevier B.V. All rights reserved.

1. Introduction
Fractional-order systems under different excitations usually show various dynamical behaviors. For example, a fractionalorder system under the two-frequency excitation may present various bifurcations, such as the pitchfork bifurcation [1,2],
the saddle-node bifurcation [3], the bifurcation transition from the transcritical type to the saddle-node type [4], etc. If a
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fractional-order system is excited by a random noise, stochastic resonance [5,6], stochastic coherence [7], or an stochastic
jump [8–10] may occur as a response.
According to the property of the damping materials, the value of the fractional-order of a damping is usually chosen in
the interval (0, 2] [11]. The system presents very different properties for the case in which the fractional-order value lies
in the interval (0, 1] and the case when it lies in the interval (1, 2]. For example, in an overdamped bistable system, the
vibrational resonance phenomenon at the low-frequency presents a single-resonance pattern when the fractional-order lies
in the interval (0, 1]. However, it presents a double-resonance pattern when the fractional-order lies in the interval (1, 2].
In other words, the fractional-order will induce a bifurcation in the vibrational resonance pattern [1]. For multi-degree-offreedom nonlinear oscillators with fractional-damping and excited by Gaussian white noises, for a ﬁxed noise strength, the
stochastic stability will enhance with the increase of the fractional-order when the fractional-order lies in the interval (0, 1].
However, the stochastic stability will decrease with an increase of the fractional-order when it lies in the interval (1, 2] [12].
In some of the references on fractional-order systems, the value of the fractional-order is usually limited to the interval (0,
1]. This is because the fractional-order value in (1, 2] can be changed to the interval (0, 1] through a transformation [13].
However, if we ignore the fractional-order in the interval (1, 2] and investigate the problem only in the interval (0, 1], many
important results may be lost in the investigation. This is what happens with stochastic resonance, where most authors
simply consider the fractional-order value in the interval (0, 1] [5,6,14]. Although some interesting results are given in these
works, unfortunately we do not know much when the fractional-order value lies in the interval (1, 2]. Hence, in this work,
we have decided to analyze some dynamical properties of a stochastic fractional-order system when the fractional-order
value lies in the interval (0, 2].
The present paper is organized as follows. In Section 2, we compared two numerical algorithms for fractional-order
nonlinear systems. In Section 3, the stochastic P-bifurcation behaviors induced by the fractional-order and the noise intensity
are investigated respectively. In Section 4, the stochastic resonance at the driving frequency, the subharmonic frequency and
the superharmonic frequency are studied thoroughly according to the linear and nonlinear response theory. In the last
section, the main conclusions of this work are given.
2. Numerical algorithms for the fractional-order nonlinear system
There are several kinds of numerical algorithms to discretize the fractional-order nonlinear equation. For a fractionalorder nonlinear equation

dα x
= f (x ) + N (t ),
dt α

α ∈ [0, 2],

(1)

herein, f(x) is a nonlinear function and N(t) is an excitation, either in a deterministic or random form. There are usually
three deﬁnitions for the fractional-order differential operator: the Riemann-Liouville deﬁnition, the Caputo deﬁnition and the
Grünwald-Letnikov deﬁnition [15,16]. The Grünwald-Letnikov is commonly used for its simplicity in numerical discretization.
According to the Grünwald-Letnikov deﬁnition, the fractional-order differential operator is speciﬁcally given as follows

dα x(t )
1 
|
= lim
(−1 ) j
dt α t=kh h→0 hα
k

 
α

j=0

j

f (kh − jh ),

(2)

with the binomial coeﬃcient

 
α
j

=

(α + 1 )
,
( j + 1 )(α − j + 1 )

(3)

where  (•) is the Gamma function. Letting wαj = (−1 ) j

wα0 = 1,



wαk = 1 −

α + 1
k

wαk−1 ,

k = 1,

α 
j

, according to [16], we have

2, · · · , n.

(4)

If α = 1, Eq. (4) reduces to

w10 = 1,

w11 = −1,

w1k = 0,

k = 2, · · · , n.

(5)

For the special case α = 1, the fractional-order operator under the Grünwald-Letnikov deﬁnition turns to the ordinary differential operator

dx(t )
x(t ) − x(t − h )
= lim
.
dt
h
h→0

(6)

For numerical calculations, we should construct the white noise series at ﬁrst. If N(t) is a white noise with statistical properties

N (t ) = 0, N (t )N (s ) = σ δ (t − s ),

(7)
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according to [17], the time series of a white noise can be constructed by the following series

σ

N (k ) =

h

ξ (k ), k = 1, 2, · · · n,

(8)

where ξ (•) presents the random numbers with the standard normal distribution. ξ (•) can be produced directly by a software
such as MATLAB. Substituting Eq. (4) into Eq. (2), under the zero initial conditions, the fractional-order operator is discretized
to
k−1


1
lim α x(k ) +
wαj x(k − j )
h→0 h

= f [x(k − 1 )] + N (k − 1 ).

(9)

j=1

For a small value of h, the limitation symbol can be deleted. Then, we obtain

x (k ) = −

k−1


wαj x(k − j ) + hα { f [x(k − 1 )] + N (k − 1 )}.

(10)

j=1

As a result, the fractional-order differential equation is discretized by using Eq. (10) in a generalized Euler scheme. For the
special case α = 1, Eq. (10)reduces to the algorithm in the ordinary Euler scheme,

x(k ) = x(k − 1 ) + h{ f [x(k − 1 )] + N (k − 1 )}.

(11)

If we substitute Eq. (8) into Eq. (10), we will obtain the numerical iterative algorithm for the stochastic fractional-order
equation. However, if we substitute Eq. (8) into Eq. (11), we will obtain the numerical iterative algorithm for the classical
Langevin equation.
When Eq. (10) is used to solve a fractional-order nonlinear equation, there are some shortcomings. At ﬁrst, Eq. (10) is obtained by the zero initial conditions. However, the initial conditions are non-zero in some engineering problems. We cannot
use Eq. (10) in this case. Second, the Euler algorithm is not suitable for a nonlinear equation. And the reason is because the
error between the exact and the numerical solution will increase much with the iterations, so that the numerical solution
would be far from the exact one with the increase of n. To avoid these technical problems, the Caputo deﬁnition can be
used. The Caputo deﬁnition is given as

dα x
1
=
dt α
(m − α )

f (m ) ( τ )

t
0

(t − τ )α−m+1

dτ ,

(12)

where m − 1 < α < m, m ∈ N. Besides the Euler method in Eq. (10), there are some other numerical algorithms for a
fractional-order equation, such as the Newton-Leipnik-Maruyama algorithm [7,18,19], the predictor-corrector algorithm [20–
22], etc. Among them, the predictor-corrector algorithm works well for numerical simulations. Under the arbitrary initial
condition x(0 ) = x0 , the following iterative formula is used based on the predictor-corrector algorithm,

x ( k + 1 ) = x0 +

k

hα
hα
ai,k+1 [ f (x(k )) + N (k )],
[ f (x p (k + 1 )) + N (k + 1 )] +
(α + 2 )
(α + 2 )

(13)

i=0

where ai,k+1 denotes the weight of the corrector in the form

ai,k+1 =

kα +1 − (k − α )(k + 1 )α
(k − i + 2 )α+1 − (k − i )α+1 − 2(k − i + 1 )α+1

i=0
1≤i≤k

(14)

The expresion x p (k + 1 ) denotes the predicted value and is governed by

x p ( k + 1 ) = x0 +

k


1

(α )

bi,k+1 [ f (x(k )) + N (k )],

(15)

i=0

where bi,k+1 denotes the weight of the predictor which is described as

bi,k+1 =

hα

α

α

α

[ ( k − i + 1 ) − ( k − i ) ].

(16)

As an example, we take f (x ) = x − x3 and N (t ) = R cos(ωt ). The time series of Eq. (1) are given by both Euler algorithm
in Eq. (10) and the predictor-corrector algorithm in Eq. (13). In Figs. 1(b)–(d), the plots drawn using the two numerical
approaches are in good agreement. It veriﬁes the validity of the numerical algorithm. However, in Fig. 1(a), the error between
the two curves is large. The result calculated by the predictor-corrector algorithm is an oscillatory motion with a certain
amplitude. From the change tendency of the curve in Fig. 1(a), the response obtained by the generalized Euler algorithm
may increase to inﬁnity for a long enough time, since the numerical solution would be far from the exact one for long
enough times. Hence, for a fractional-order nonlinear equation, the predictor-corrector algorithm is much better than the
generalized Euler algorithm, especially when the fractional-order α is in a small value case.
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Fig. 1. The response of a fractional-order system under a periodic excitation for R = 0.1 and ω = 0.4. The time step is h = 0.01 and the initial condition is
x(0 ) = 0. The thin lines are obtained by the generalized Euler algorithm. The thick lines are obtained by the predictor-corrector algorithm.

Fig. 2. The response of the fractional-order system under a white noise excitation for σ = 0.4. The time step is h = 0.01 and the initial condition is x(0 ) = 0.
The dotted lines in the red color are obtained by the generalized Euler algorithm. The solid lines in the blue color are calculated by the predictor-corrector
algorithm.
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Fig. 3. Contour plot of the probability density in the σ − x plane for different values of the fractional-order. A color code plot shows the value of the
probability density.

As another example, we still take f (x ) = x − x3 and let N(t) in a white noise form with the statistical properties in
Eq. (7). If the noise intensity is σ = 0.4, the time series of Eq. (1) under the fractional-order value α = 0.4, 0.8, 1.2, 1.7 are
respectively given in Fig. 2 by the two kinds of numerical algorithms. In Fig. 2(a), for a small value of the fractional-order
α , the response obtained by the generalized Euler algorithm increases to inﬁnity rapidly. It indicates that the predictorcorrector algorithm is much better than the generalized Euler algorithm when the system is subject to random excitation.
3. The stochastic P-bifurcation
The stochastic P-bifurcation is a stochastic bifurcation phenomenon that occurs in a random system. The stochastic bifurcation contains the D-bifurcation and the P-bifurcation problems. The D-bifurcation focuses on the stochastic bifurcation
point in the probability one sense which is measured by the maximal Lyapunov exponent [23]. The P-bifurcation studies
the mode of the stationary probability density function or the invariant measure of the stochastic process. The stochastic
P-bifurcation takes place when the mode of the stationary probability density function changes in nature. It indicates the
jump of the distribution of the random variable in probability sense. The D-bifurcation and the P-bifurcation are independent. There is no direct relation between these two stochastic bifurcation phenomena [24,25].
To investigate the stochastic P-bifurcation induced by the fractional-order α and the noise intensity σ , we take a typical
bistable system as f (x ) = x − x3 and N(t) is a white noise with statistical properties shown in Eq. (7). When α = 1, it is
a classical Langevin equation and the response is a diffusion process. For this case, the response of the system can be
2
4
explained as a particle moving in the potential V (x ) = x2 − x4 subject to random excitation. As is well known, the potential
has two wells. The valley of the left well locates at x = −1 and the valley of the right well locates at x = 1. For a general
fractional-order case, the random response is not a diffusion process, but a sub-diffusion process (for the case α < 1) or a
super-diffusion process (for the case α > 1). However, in order to explain the response behavior intuitively, we still interpret
the response of the fractional-order system in the sense of a particle moving in the double-well potential. The effects of the
noisy intensity and the fractional-order on the probability density are illustrated in a two-dimensional plane, as shown in
Fig. 3, where a color code plot of the value of the probability density appears.
If we ﬁx the noise intensity σ as a constant and vary the fractional-order α , the probability density function is shown in
Fig. 4. Apparently, with the increase of the value of the fractional-order, the mode of the stationary probability density function curve turns from a single-peak to a double-peak. It is a typical stochastic P-bifurcation behavior. Further, the stochastic
P-bifurcation occurs at a critical point α < 1. With the increase of the fractional-order α , it is harder for the particle to
traverse the double-well potential. As a result, the fractional-order α is a key factor to induce the stochastic P-bifurcation
phenomenon.
To verify the result in Fig. 4 much more clearly, we give Fig. 5 which shows the time series directly for different values
of the fractional-order. When α = 0.5 in Fig. 5(a), the particle traverses between the two wells frequently. When α = 0.7 in
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Fig. 4. The stochastic P-bifurcation is induced by the fractional-order α for a ﬁxed noise intensity σ = 0.4.

Fig. 5. The response of the fractional system subject to a Gaussian white noise excitation for σ = 0.4.

Fig. 5(b), the particle moves between the double-well potential occasionally. Apparently, for a ﬁxed noise intensity σ , the
ﬁrst passage time depends on the fractional-order α closely. Hence, it is important to investigate the stochastic dynamical
behaviors of the fractional system when the fractional-order value lies in the interval (0, 2]. We cannot ignore the case
where the fractional-order value lies in the interval (1, 2]. Or else, we will lose many important results of a fractional-order
system.
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Fig. 6. The stochastic P-bifurcation is induced by various noise intensities σ for a ﬁxed fractional-order value α = 0.65.

In Fig. 6, we ﬁx the fractional-order α as a constant, for example α = 0.65, the effect of the noise intensity on the
stationary probability density function is shown clearly. For the case σ = 0.2, the curve of the stationary probability density
function presents a double-peak apparently, as shown in Fig. 6 (a). When we increase the noise intensity to σ = 0.35, the
stationary probability density function still presents a double-peak mode. If we increase the noise intensity further, as shown
in Fig. 6 (c) and Fig. 6 (d), the double-peak mode in the stationary probability density function degenerates to a single-peak.
It is easy to explain this fact. Speciﬁcally, with the increase of the noise intensity, the particle is much easier to traverse the
potential wells. The ﬁrst passage time will turn smaller with the increase of the noise intensity for the case α = 0.65.
As a conclusion of this section, we ﬁnd that both values of the fractional-order α and the noise intensity σ are important
factors to induce the stochastic P-bifurcation in a stochastic fractional-order system. The fractional-order α tends to make
the stationary probability function change from a single-peak mode to a double-peak mode. The noise intensity makes a
transition from the double peak mode to the single-peak mode.
4. The stochastic resonance
The stochastic resonance in the fractional-order system is not a novel topic. There are some papers on this problem
[5,14,26–28] Although some interesting results are given in these works, the value of the fractional-order is usually limited
to the interval (0, 1] in the former works. Here, we investigate the stochastic resonance when the fractional-order lies in the
interval (0, 2]. Note that, the stochastic resonance is usually studied in the linear response theory. In other words, we focus
on the response at the excitation frequency. However, according to the nonlinear response theory, the stochastic resonance
may also occur at the subharmonic/superharmonic frequencies which are smaller/larger than the excitation frequency [29–
32]. Besides, the nonlinear vibration at the subharmonic or superharmonic frequencies has important consequences in the
context of engineering. For example, it may indicate some fault information [33,34]. Hence, it is also necessary to study the
stochastic resonance according to the nonlinear response theory.
4.1. The stochastic resonance occurs at the excitation frequency
In this section, the system for the stochastic resonance to occur is a typical bistable system which is governed by

dα x
= x − x3 + N (t ) + R cos(ωt ),
dt α

(17)

where Rcos (ωt) is the weak low-frequency signal and N(t) is a Gaussian white noise with statistical properties as shown in
Eq. (7). According to the nonlinear dynamical theory, the response should contain many frequency components. When the
time t → ∞, the asymptotic solution of Eq. (17) is in the form

x(t )as =


k

(kω ) cos [kω − ϕm (kω )],

(18)
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Fig. 7. The response amplitude at the excitation frequency ω versus the noise intensity σ under different fractional-order values for R = 0.1 and ω = 0.09.

where k is a non-negative constant which may be in integer or fractional form. The expression xm (kω) and ϕ m (kω) are the
mean response amplitude and the phase lag respectively at the frequency kω. They are obtained by averaging the inhomogeneous process x(t) with arbitrary initial conditions x0 = x(t0 ) over the ensemble of different random path realizations. For
an arbitrary random path, the response amplitude at the frequency ω is x̄ which is calculated by

x̄ =



B2s + B2c ,

(19)

and

ϕ̄ = tan−1 (Bs /Bc ),

(20)

where Bs and Bc are the kth sine and the kth cosine components of the Fourier coeﬃcients,

Bs =

2
nT

nT
0

x(t ) sin(kωt )dt ,

Bc =

2
nT

nT
0

x(t ) cos(kωt )dt .

(21)

In Eq. (21), T = 2π /ω and n is a large enough integer. There are many assessment indexes to quantify the stochastic resonance phenomenon, such as the signal-to-noise ratio, the spectral ampliﬁcation, etc [35]. Here, we use the response amplitude xm (kω) as the target for its convenient in analysis of the nonlinear response of the system.
In Fig. 7, the stochastic resonance induced by the noise intensity is shown for different values of the fractional-order
α . Apparently, the value of the fractional-order inﬂuences the amount of noise and the magnitude of the response amplitude when the optimal stochastic resonance appears. Namely, in Fig. 7(a) - Fig. 7(d), the stochastic resonance occurs at
σ = 0.1, 0.25, 0.35, 0.15 respectively and the corresponding magnitudes of xm (ω) are 0.31, 0.37, 0.42, 0.45 in turn. Another
important fact in this ﬁgure is that the optimal stochastic resonance in Fig. 7(d) is much stronger than that in the other three
subplots. Thus, it can be seen that the optimal stochastic resonance can be achieved via the cooperation of the fractionalorder α and the noise intensity σ . Hence, if we only use the classical Langevin equation to improve the stochastic resonance
as our former work [36], the optimal stochastic resonance may be lost. Moreover, optimizing the stochastic resonance by
adjusting the fractional-order is different from adjusting the system parameter in the former adaptive stochastic resonance
investigation [37–40]. Optimizing the adaptive stochastic resonance in a fractional-order system may have preferable eﬃciency. Another thing, if we ignore the fractional-order in the interval (1, 2] and only consider it in (0, 1], we may lose the
optimal stochastic resonance. This is a highlight of our results which is different from previous investigations on stochastic
resonance in fractional-order systems [5,6,14,26–28].
To illustrate the stochastic resonance much more clearly, we give the time series under different noise intensity values
in a ﬁxed fractional-order case. In Fig. 8(a), the response is limited in one potential well. The particle cannot traverse the
two potential wells with the excitations of the signal and the noise. There is no stochastic resonance phenomenon and
the weak signal cannot be enhanced by the noise. In Fig. 8(b), the particle moves between the two wells occasionally but
not regularly. The stochastic resonance has not achieved the optimal state. In Fig. 8(c), the input/output synchronization is
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Fig. 8. The output of the fractional-order system under a ﬁxed fractional-order and different noise intensity values for α = 1.5, R = 0.1, ω = 0.09.

Fig. 9. The response amplitude at the excitation frequency ω versus the fractional-order α for a ﬁxed noise intensity σ = 0.2, R = 0.1 and ω = 0.09.

achieved. The system state changes between the two wells with the excitation period approximately. The weak signal is
enhanced in a great degree. It corresponds to the resonance peak in Fig. 7(d). In Fig. 8(d), the noise intensity is too strong
and the system state changes between the two wells frequently. The weak periodical signal cannot be improved in Fig. 8(d)
yet. With varying the noise intensity, we can obtain the stochastic resonance in a fractional-order system. It is the same as
the stochastic resonance in the classical Langevin equation.
For a ﬁxed noise intensity, the effect of the fractional-order α on the stochastic resonance is given in Fig. 9. Apparently,
the mean response amplitude at the excitation frequency ω versus the fractional-order α presents the nonlinear correlation.
The value of the fractional-order α can also induce the resonance peak. Speciﬁcally, the optimal resonance occurs at the
point α = 1.6 and the peak magnitude is xm (ω ) = 0.42. It indicates how important is to investigate the stochastic resonance
phenomenon in the interval α ∈ (0, 2] once again.
To investigate the stochastic resonance induced by the fractional-order α thoroughly, we give Fig. 10 which can help
us to understand the stochastic resonance mechanism further through the output time series. In Fig. 10(a), the particle
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Fig. 10. The output of the fractional-order system under a ﬁxed noise intensity and different values of the fractional-order. The simulation parameters are
σ = 0.5, R = 0.1 and ω = 0.1.

traverses the two wells frequently. There is no stochastic resonance phenomenon in this subplot. The weak signal cannot
be improved in this case. It is submerged in the strong noise. In Fig. 10(b), the particle traverses the two potential wells
occasionally. In Fig. 10(c), the optimal stochastic resonance is shown. It corresponds to the resonance peak in Fig. 9. From
Fig. 10(a) to Fig. 10(c), the noise intensity does not change. However, the stochastic resonance appears in Fig. 10(c). It means
that an appropriate fractional-order value can denoise in a great degree. It is a signiﬁcant result. We still keep the noise
intensity as a constant but to increase the fractional-order value to α = 1.9, as is shown in Fig. 10(d). We ﬁnd that the
optimal stochastic resonance phenomenon disappears in this subplot. From Fig. 10(a) to Fig. 10(d), it indicates that we must
choose an appropriate fractional-order value to obtain the optimal denoising effect. Via tuning the noise intensity to induce
the stochastic resonance is different from tuning the fractional-order value to induce the stochastic resonance. Speciﬁcally,
we induce the stochastic resonance via increasing the noise intensity, as is shown in Fig. 8. The energy of the noise transmits
to the signal in this case. However, in Fig. 10, we induce the stochastic resonance via varying the fractional-order α which
has the denoising effect in the system.
4.2. The stochastic resonance occurs at the subharmonic frequency
The stochastic resonance not only occurs at the excitation frequency ω but also occurs at the subharmonic frequency ω/3.
Fig. 11 shows this fact clearly. With the increase of the noise, stochastic resonance at the subharmonic frequency ω/3 appears
in the system. No matter the system is in the fractional order case as shown in Figs. 11(a), 11(b), 11(d) or in the integer
order case as shown in Fig. 11(c). With the increase of the noise, the novel stochastic resonance occurs at the subharmonic
frequency ω/3 is similar to the classical stochastic resonance that occurs at the excitation frequency ω. Moreover, this kind
of novel stochastic resonance is strong and we cannot ignore it in our investigation. However, there are very few works
to analyze this problem in the literature. This is also another highlight of this paper. Again in Fig. 11, we ﬁnd that the
stochastic resonance will turn stronger with the increase of the fractional-order α . Speciﬁcally, from Fig. 11(a) to Fig. 11(d),
the resonance peaks occur at σ = 0.1, 0.15, 0.15 and 0.1 in turn. The corresponding peak magnitudes are xm (ω ) = 0.11, 0.24,
0.32 and 0.37. The occurrence of the stochastic resonance at the subharmonic frequency is an interesting new phenomenon.
The output of a fractional-order system under a ﬁxed noise intensity and a ﬁxed signal is given in Fig. 12. It corresponds
to the resonance peak in Fig. 11(d). As shown in Fig. 12, it can be observed a period 3T where T is the period of the
excitation. In other words, the frequency component ω/3 is contained apparently. This is the reason for the occurrence of the
novel resonance at the subharmonic frequency ω/3. This extends the stochastic resonance from the traditional viewpoint.
In some engineering ﬁelds, a subharmonic resonance can be a major cause for a disaster. Hence, we cannot ignore the
subharmonic frequency in engineering problems.
In Fig. 13, we ﬁxed the noise intensity σ as a constant but make the fractional-order α as the control parameter. The
response amplitude is also a nonlinear function of the fractional-order. Similar to the xm (ω/3 ) − σ curve, the stochastic
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Fig. 11. The response amplitude at the subharmonic frequency ω/3 versus the noise intensity σ under different fractional-order values for R = 0.1 and
ω = 0.09.

Fig. 12. The output of the fractional-order system shows the period 3T of the excitation. The thick line of small amplitude in red color is the input signal.
The thin line in blue color is the output x(t). The black lines with arrows have the same length 3T = 2π /(ω/3 ). The simulation values are α = 1.5, σ = 0.1,
R = 0.1 and ω = 0.09.

Fig. 13. The response amplitude at the subharmonic frequency ω/3 versus the fractional-order for a ﬁxed noise intensity σ = 0.2, and R = 0.1, ω = 0.09.
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Fig. 14. The response amplitude at the superharmonic frequency 3ω versus the noise intensity σ under different fractional-order values for R = 0.1 and
ω = 0.09.

resonance at the subharmonic frequency ω/3 in the xm (ω/3 ) − α curve appears at α = 1.1. The corresponding peak magnitude is xm (ω/3 ) = 0.3. The fractional-order α is a key factor to inﬂuence the stochastic resonance at the subharmonic
frequency.
4.3. The stochastic resonance occurs at the superharmonic frequency
Due to the term x3 contained in the original system, it will lead to the component 3ω in the response. In Fig. 14, with
the increase of the noise intensity, the stochastic resonance occurs at the superharmonic frequency 3ω. Compared with the
traditional stochastic resonance and the subharmonic stochastic resonance, the stochastic resonance at the superharmonic
frequency is weaker although the resonance phenomenon is obvious. In other words, the peak magnitude is small. This
indicates that the subharmonic stochastic resonance and the traditional stochastic resonance are the main resonant patterns
in the response.
In Fig. 15, for a ﬁxed noise intensity, the fractional-order α induced superharmonic stochastic resonance is shown clearly.
With the increase of α , the resonance in this curve appears at α = 1.7 and the corresponding peak magnitude is xm (3ω ) =
0.12. For the fractional-order α induced superharmonic stochastic resonance, the resonance is weak too.
5. Conclusions
In this work, we have investigated the stochastic resonance in a fractional-order bistbale system excited by a Gaussian
white noise. We have mainly focused on three points in this paper: the algorithm for the fractional nonlinear system, the
P-bifurcation induced by the fractional-order and the noise and the corresponding induced stochastic resonance by using
the linear and nonlinear response theory. In our study, the fractional-order lies in the interval (0, 2].
For the ﬁrst problem, two numerical algorithms are used based on the Grünwald-Letnikov deﬁnition and the Caputo
deﬁnition. Corresponding to the Grünwald-Letnikov deﬁnition, the generalized Euler scheme has been used. Corresponding
to the Caputo deﬁnition, the predictor-corrector approach is described in a detailed manner. We have veriﬁed the two
algorithms when the excitation is deterministic and when it is random, respectively. The numerical results show that the
predictor-corrector approach is much better than the generalized Euler method for the numerical calculations.
For the second problem, we have investigates the stochastic P-bifurcation in the bistable system induced by the
fractional-order and the noise intensity, respectively. In a strong noise background, the stationary probability distribution
function is in a single-peak mode. We ﬁx the noise intensity but vary the fractional-order value, the stationary probability
distribution function turns to a double-peak mode. The noise is suppressed in the process when the stationary probability
distribution function turns from a single peak mode to a double-peak mode.
For the third problem, we have studied the stochastic resonance in the linear and nonlinear response theory, respectively. In the linear response theory, the stochastic resonance occurs at the excitation frequency for any value of the
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Fig. 15. The response amplitude at the superharmonic frequency 3ω versus the fractional-order for a ﬁxed noise intensity σ = 0.2, R = 0.1 and ω = 0.09.

fractional-order. For a ﬁxed fractional-order, the stochastic resonance occurs by tuning the noise intensity. For a ﬁxed noise
intensity, the stochastic resonance occurs by tuning the fractional-order. Especially when the background noise is strong,
the stochastic resonance appears by simply tuning the value of the fractional-order. This indicates a denoising effect of the
fractional-order system. In the nonlinear response theory, the stochastic resonance appears at the subharmonic frequency
or at the superharmonic frequency. We take 1/3 and 3 times of the excitation frequency as examples. Especially when the
stochastic resonance occurs at the subharmonic frequency, the response is in a strong resonant state. In the nonlinear response theory, the stochastic resonance at the subharmonic or the superharmonic frequencies can be realized by tuning
the noise intensity or the fractional-order value. In many situations, the response at the subharmonic or superharmonic
frequencies cannot be ignored. This is one of highlights of this work.
By investigating the stochastic P-bifurcation and the stochastic resonance in the fractional-order nonlinear system in a
wide scope of the fractional-order value, some novel results are given in this work. We think our results might be useful for
stochastic dynamics problems, especially for signal processing problems.
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